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Flapping Response of Lifting Rotor Blades to

Atmospheric Turbulence

GoraL H. Gaonkar* anp KurT H. HOHENEMSERT
Washington University, St. Louts, Mo.

Methods are developed for computing the flapping response of lifting rotor blades to at-
mospheric turbulence. The problem is of a type where a linear system with time varying
parameters is subject to an input representing a nonstationary stochastic process. Since
no previous quantitative solutions to this type of problem appear to be known, the methods
developed in this paper are of general significance. The stochastic structure of the response
is first outlined in terms of the nonstationary autocorrelation function and the double fre-

quency power spectral density. Time averaging procedures for nonstationary stochastic
processes are introduced and these concepts are then applied to a perturbation scheme for
which, based on an assumed stochastic input, numerical examples are given. The first-
order perturbation scheme is applicable throughout the advance ratio regime of current lift-
ing rotors. Actual stochastic inputs to lifting rotor blades remain to be determined experi-

mentally.
Nomenclature

t,7 = time
x(t) = input sample function (stationary)
¥ = blade inertia or Lock number
(v/2)C(t) = blade aerodynamic damping
(v/2)K(t) = blade aerodynamic stiffness
(v/2)B(t) = multiplier for z(¢)
2(t) = input sample function (nonstationary)
A(t) = multiplier for z(¢)
cikibi = coefficients of Fourier series
y(t) = response sample function
o = rotor advance ratio

= cycles per unit time
fo@wfo = 1) = rotor revolutions per unit time

X(H),Y(),Z(f) = Fourier transforms
H(f) = frequency response function

Se(DSu(hinf2), N
ete. = power spectral densities
I{I(T):Ry(tlytz)r
ete. attocorrelation functions

(I

to — &t = time difference
standard deviations

Oz, Uy(”: 02(5)
o]

E[. = mathematical expectation of [. . . ]
1/a = relaxation time

8(...) = Dirac delta function

y(f,t) = response to input e?2=/t »
ys(fit) = response to input (v/2)B(t)e?/!
ya(f,t) = response to input A (¢)e®27/t
a;,d;,0;,d = parameters in differential equation
Superscripts

* = conjugate complex

() = time differentiation

(=) = time average

Subscripts

0,1,... = basic response, first-order, etc. corrections
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Introduction

N the past the problem of lifting rotor dynamic loads and
vibrations has been treated exclusively with deterministic
analyses. Loads criteria are given in the form of certain dis-
crete idealized events, a discrete gust with a prescribed time
history of vertical or horizontal relative flow velocity, a dis-
crete maneuver with a presceribed time history of pilot’s con-
trol deflection, a discrete runway bump of a preseribed shape
over which the aireraft is rolling with a preseribed velocity,
etc. The first attempts to introduce probabilistic methods
to lifting rotor dynamics are only very recent.l>? There are
two general reasons for this step. First, the actual response
of the structure cannot always be separated into a sequence
of discrete load responses. Often the response to a preceding
load has not as yet subsided at the time of a subsequent load
application. Discrete load criteria are, therefore, often un-
realistic and artificial. Second, statistical flight load data
are best obtained by continuous loads measurements and
should be compared with the results of continuous loads
analyses.

In addition to these general considerations, there are a
number of specific lifting rotor conditions likely to produce
rather large random excursions of blade loads or motions.
Many lifting rotors are capable of certain vibration modes
which are only very lightly damped. Usually advancing or
regressing blade lead-lag modes fall into this category. If
the air turbulence in the rotor disk provides an excitation at
the particular frequency of such a mode, rather large random
amplitudes can occur. Another mechanism of random ex-
citation of such a weakly damped blade lead-lag mode is
through pilot’s control inputs in response to atmospheric air
turbulence. At high advance ratio low damping can also
oceur in blade flapping or flap bending, and again local
turbulence in the rotor disk or atmospheric turbulence modu-
lated by pilot’s control inputs can lead to considerable random
blade excursions.

Finally, three flight conditions of lifting rotor craft should
be mentioned where the rotor generates high-intensity turbu-
lence in the rotor disk leading to substantial random blade
loads. The first is the transition from hovering to forward
flight, and vice versa, where at advance ratios between 0.05
and 0.10 dynamic blade loads and vibrations are often severe
because of strongly nonuniform inflow and turbulent wake
recirculation. The second is the vertical descent in the vor-
tex state which also causes large random blade loads.® The
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third is a condition with partial blade stall where unsteady
stall phenomena in conjunction with air turbulence can pro-
duce sizeable random loads. In all of these cases it would be
desirable to study the characteristics of the underlying air
turbulence in the rotor disk and to explore ways of predicting
the random rotor loads.

During the past years considerable experience has been
accumulated in the measurement and prediction of airplane
responses to continuous turbulence.4™® Airplanes with
known dynamic response characteristics are used to measure
parts of the atmospheric turbulence spectra. These spectra
are then applied to predict turbulence responses of new pro-
totype airplanes in the design stage. The bulk of the data
involves the assumption of one-dimensional isotropic turbu-
lence, where the turbulence velocities are uniform over the
span and vary only in flight direction. However, recently
also spatial distribution effects of continuous atmospheric
turbulence on the motions of aircraft have been studied.®?
This refinement requires the knowledge of spatial cross-
correlation functions for the turbulence velocitics.

TUnfortunately, the extensive work on airplane response to
continuous atmospherie turbulence is not directly applicable
to rotary wings. An airplane can be considered with reason-
able approximation a time-invariable or constant parameter
system, if one treats only small deviations from the equilib-
rium position. A rotary wing, however, exhibits in forward
flight large periodic variations of its aerodynamic param-
eters. Furthermore, the time history of the wing gust loads
encountered by an airplane can be considered with reasonable
approximation a stationary, ergodic stochastic process, if one
assumes uniform flight velocity through a region with uniform
turbulence characteristics. Under the same conditions the
time history of rotary wing gust loads cannot be described as
a stationary stochastic process. A given fluctuation in axial
inflow velocity through the rotor disk produces quite differ-
ent loads depending on the azimuth position of the rotary
wing.

Our literature survey has not uncovered quantitative solu-
tions of the response of systems with time varying parameters
under nonstationary stochastic loading. The few cases of
nonstationary random responses treated in the literature all
pertain to constant parameter systems represented by a time
invariable transfer function. This is true, for example, for
the response of airframes to random runway disturbances
during deceleration after touchdown,'t for the transient
response to random excitation of a system originally at rest,'
for the description of strong motion random earthquakes,'
and for the response of spacecraft to time-varying random
excitations during the launching phase.* The complexity
of the analysis for time-varying systems is due to the fact
that, except in very special cases, closed-form solutions valid
over long time intervals do not exist for differential equations
with variable coefficients.  When it is possible to find rigor-
ous solutions, as in the case of the Bessel differential equa-
tion, the quadrature operations required to obtain, for ex-
ample, the response autocorrelation function are quite in-
volved even for stationary random inputs.® Iecause of the
scarcity of problems solved, current textbooks on applied
random process theory devote only a brief section to non-
stationary stochastic processes. P~ 1

Problem Formulation

In order to develop suitable methods for analyzing the
response of lifting rotor blades to atmospheric turbulence
without the burden of unessential complexities, the simplest

Fig. 1 Rotor schematic.
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Fig. 2b Aerodynamic blade stiffness parameter.

problem has been xelected, namely, that of rigid blade flapping
assuming uniform flow through the rotor disk and neglecting
unsteady aerodynamies effects. The flapping hinge is as-
sumed to be located in the rotor center and the hub is assumed
to be rigidly supported so that no cross coupling can oceur
(Fig. 1). The differential equation for the blade flapping
angle y can then be written in the form!9-2

g4 (v/2C0O5 + [1 + (v/2KBly =
(v/2)B(x(t) = 2(t) (1)

The time unit is selected in such a way that the rotor angular
velocity is one and the period of one rotor revolution is 2.
x() is the fluctuating portion of the blade angle of attack,
averaged over blade span and azimuth angle.  x(f) is con-
sidered to be a sample function of a stationary ergodic
stochastic process and is representative of the air turbulence
in the rotor disk. TIn a different description one could also
introduce the axial inflow velocity as a stochastic variable.
(v/2)B(1) is a time variable multiplier or modulating function
for the stochastic variable z(f). The time functions C(7),
K (), and B(?) depend only on the rotor advanee ratio and
are periodic with period 2w. The functions C(@) and K ()
are shown as solid lines in Figs. 2a and 2b for an advance
ratio of w = 1.5 at a tip loss factor of one. Because of the
reversed flow effects on the retreating blade, these functions
are nonanalytic. For the numerical examples in this paper
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simple analytical substitutes are used, namely,

C(ly = 0.25 + 0.33u sind (2)
K({) = 0.33u cost 3)

which for g = 1.5, result in the dash lines of Figs. 2a and 2b.
With lower advance ratio the error of the substitute functions
becomes rapidly smaller and Eqs. (2) and (3) are reasonable
approximationsup to u = 1.

B(t) also is nonanalytical and has been substituted for the
numerical examples by

B(t) = 0.25 + 0.66u sinf (4)

which also is adequate up to u = 1. For the general methods
development the existence of Fourier series for B(¢), C(1), and
K () has been assumed.

Equation (1) has unstable solutions beyond an advance
ratio of 4 > 2.2, The limiting advance ratio vs Lock number
v is shown in Fig. 3.2  The substitute funetions C(f) result
i a different stability limit.

Response Analysis for the Stationary Case

For =ufficiently low advance ratio the time variable por-
tions of B(Y), C(t), and K(¢) can be neglected so that

J+ /8y = 8RO = =) @

The input :(f) now is a sample function of a stationary sto-
chastic process.  One can then easily determine the response
power spectral density from the input power spectral density
and vice versa.

We assume that the response Fourier transform and its
inverse exist,

Y = [ yve2rar ©

yo = [ vipertas )

For zero initial displacement and rate of displacement it
follows that i2xfY (f) and — (2xf)*Y (f) are the transforms of
(@) and g(t), respectively. Taking the Fourier transforms
on both sides of Eq. (5) results in

Y(fy = H(HZ) (8)
where the complex {requency response function is given by
H(f) = 1/{—@mf)* + (v/8)i2mf + 1] )]

According to stochastic process theory the power spectral
density of a weakly stationary stochastic process with sample
funection z(t) is a real valued quantity defined by

S.f) = E[Z*(NZ(])] (10)

Applying this definition to the response y(¢), one obtains from
Iq. (8)

Sy(f) = H*(HH()S.(f) (11)
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In the time domain a random process with zero mean value
is characterized by the autocorrelation funetion

R.(t,t) = Elz(t)2(ty)] (12)

For weakly stationary random processes the autocorrelation
funetion depends only on the time difference 7 = ¢, — {, not
on ¢ or {y separately. The transformation from a description
in the frequency domain to one in the time domain and vice
versa is possible with the help of the Wiener-Khinchin
relations,

R.(r) = fjw S.(f)e?df (13)

S = [ Rrye=irdr (14)

According to Eq. (14) the power spectral density is the
Fourier transform of the autocorrelation function. In Lq.
(6) we have ignored certain mathematical subtleties con-
cerning the validity of transforming a random sample func-
tion z(f) in the time domain to an assoeciated sample funetion
z(f) in the [requency domain. Nevertheless, the definition
(10) for the power spectral density can formally be used as
long as the autocorrelation function R.(r) is absolutely
integrable which is the case for all practically occurring random
sample functions. For details see Papoulis (Ref. 16, p. 465).

The standard deviation defined for random processes with
zero mean value by

o(l) = B.(41) = Elz2(D)z()]

is for a stationary stochastic process acecording to Eq. (13)

oo = ROV = [ [T sooar ] ay)

If the random variable with zero mean value has a normal or
logarithmic normal probability distribution, the power
spectral density or the autocorrelation function gives a com-
plete stochastic description of the stationary random pro-
cess.  Even in more general cases the first- and second-order
stochastic properties as defined by S.(f) or R.(7) still contain
the most important information about the random process.

We now assume in Eq. (5) for the average angle of attack
2(t) a particularly simple and frequently used random process
with exponential autocorrelation function

R.(r) = e~ %7 (16)
The associated two-sided power spectral density is
S:(f) = 2¢/(a* + 47f?) 17

These expressions are normalized to give with the definitions
of Eq. (15) a unit standard deviation ¢, = 1. The actual
power spectral density is then obtained by multiplying the
normalized spectrum by o¢.% Figure 4 shows R.(r) vs 7
and S.(f) vs f for ¢ = 3. For sufficiently large values of 7
the function values () and z(t + 7) are uncorrelated. 1/a
is a relaxation time for the correlation. For small values of
1/a the process approaches the case of white noise. In the
numerical examples of this paper the value 1/a = 2 was
selected, as shown in Fig. 4. The relaxation time of 2 must

0 | |
-3 -2 -1 0 i 2 3 27t

Fig. 4 Autocorrelation function and power spectral
density.
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be compared with the period of 2x for one rotor revolution.
[t is seen that a type of turbulence in the rotor disk has been
assumed where the disturbing vortices are swept downstream

at such a rate that they have little effect on the blades after

one revolution.
seem implausible at least for some rotor operating conditions,
the actual relaxation time remains to be determined experi-
mentally.

In accordance with Eq. (11), the response power spectral
density is now determined from

Although such an assumption does not

Sy(f) = H*(NIH(NS:(Na=>(v/8)? (18)

where S.(f) is the normalized spectrum from Eq. (17). If
the input power spectral density to Eq. (5) is derived from a
stationary random process modulated by a periodic time
funetion, the time averaged response spectrum is given by™

S,(N) = H*NHHS) (19)

S.(f) will be derived later [Eq. (46)]. Figure 5 shows on this
basis time-averaged input and response power spectral
densities for a Lock number of v = 4 and an advance ratio
of w =0.3. _

Since S,(f) = S,(=/) one usually plots only the positive
frequency region and then multiplies the power spectral
densities by the factor two in order to retain the normaliza-
tion.  This was done in Fig. 5 where 25,(f) is normalized to
vield

- f L 28ndf = 1 (20)

but where neither S.(f) nor S,(f) are normalized.

Response Analysis for the Nonstationary Case

We now consider the case where the time variability of
B(), C(1), and K(t) in Lig. (1) cannot be neglected. z(¢) then
represents a sample function of a nonstationary stochastic
process.  According to stochastic process theory, the power
spectral density is in this case a complex valued quantity
defined by'?

S:(fi.fo) = E[Z*(fOZ(f2)] 21

In order to include the definition Eq. (10) i this more geu-
eral definition, one writes the power spectral density of a
stationary random process in the form

S:fuf) = S8 = 1) )
where 8(J) is the Dirac delta function with properties
) =0, [f=0, ==, [f=0

(23)

f_: s(Ndf = f_:&(f)df =1, €>0

The autocorrelation function is still defined by Eq. (12);
however, now the function values depend on both & and ¢,
oront =t — t and on t = (¢, + {)/2. The generalized
Wiener-Khinchin relations which take the place of Eq. (13)
and (14) are double Fourier transforms,

Rubf) = fj

S.(f1, 1) f R.(ty 1)e?m (b= Lbydy dt, (25)

S.(fi, fye ™ 2 M= Igg g, (24)

Following Sveshnikov®® we introduce the response y(f,H)
to an excitation 2™ where the system is assumed to have
zero displacement and rate of displacement at the origin of
time. The input to Eq. (1) can be expressed by the inverse
Fourier transform,

= [7 znerra
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Because of the linearity of the system the response fo the
input z(f) can be obtained from the response to ¢27% by

s = [ 2t
or (26)
00 = [z
Writing the sccond equation for ¢ = 4, f = f, the first for
L= ty, [ = fo,, multiplying the two equations, and taking the

mathematical expectations gives the response autocorrelation
function

Rty = [ 1

The time-dependent mean square is obtained by setting ¢ =
fg - l‘,

o) = Rttty = [ty

These equations represent the general case of nonstationary
random input to a time variable linear system.

A slight generalization of Egs. (27) and (28) will be formu-
lated herc for the case that the input is given in the form
A®)z(t), where A(t) is a deterministic time function or multi-
plier. Since A(f) can be moved across the frequency in-
tegral, we have

400 = [ 2pAwery

Denoting the response of the system to the input .4 (f)e?*™
with y4(f,f), the response is now given by

_ f j’m Z(Nyya(f,0df

and Egs. (27) and (28) become

Rty = [[7 it htdpa(ht)S. G pdndrd @7
o) = Ryto) = [f°

For a stationary random input to a time variable system,
we have, because of Eq. (22),

020 = [ yrosr0S (29)

Sy st S fodndf) (27)

PSS fdndf) 28)

tya* (ot )y a(fot)S-(f fodfdfy)
(28a)

For a nonstationary random input to a constant parameter
system with the complex valued frequency response function
11(f), we have

y(s0 = H(f)e*
s0 that, by insertion in Eq. (28),

0~ [

This equation becomes for a stationary random input to a

LI (f)ei2m =08, (f ) dfdfa) (30)
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constant parameter system, because of Eq. (22),

ot = [ I OHGS D 31)

which is in agreement with Eqgs. (11) and (15).

In the case of the flapping blade the input according to Eq.
(1) is given by z(t) = [v/2B()z(t)], where z(f) is a sample
function from a stationary random process. Denoting with
ys(f,t) the response to the input (v/2)B(t)e?™ Eqs. (27a)
and (28a), because of Eq. (22) reduce to the single integrals

Rt = [ vt Gomts.0d (32

ot = Rt = [ yrGomGos.0d (33)

Equation (33) is the same as Eq. (29) for stationary random
input, except that y(f,?) is replaced by y(f,?).

For numerical work the input 2" is split into cos2mft +
1 sin2xft, and the respective responses yz.(f,f), ya.(f,t) are
computed separately. Equation (32) then becomes

R,(h,b) = fjm s (it)ys(fit) +
ys([it)ys([,)}S-(Ndf  (34)

Time Averaging of Nonstationary
Stochastic Processes

If a sufficiently long sample time history is given, the
real-valued power spectral density of a stationary ergodic
random process can easily be measured by well-known data
processing means. The complex valued double frequency
spectra of nonstationary random processes, however, cannot
be measured directly, and are therefore of little practical use.
Under certain conditions there exists a time-averaged mea-
surable power spectral density that has some of the properties
of a real-valued power spectral density of a stationary
ergodic random process. As will be shown, these conditions
are satisfled for the nonstationary processes represented by
the input sample function z(f) of Eq. (1).

We first introduce the instantaneous power spectral
density defined by?*!

AqZ(f,{) = f_mm Rz <t — é’ { + %) e“i21rfrd7_ (35)

with the associated autocorrelation function

R:< - Tt >= [ sanezrar (@0

The instantaneous power spectral density S.(f,t), same as the
double frequency power spectral density S:(fi,fs), is also in
general not measurable, but it allows under certain condi-
tions the definition of a time-averaged measurable power
spectrum.

Time averaging Eq. (36), one obtains with the definitions

~ /2 T T
Rir) = }E;_Tf s < —5,z+5>dt (37)

_ ) 1 T/2
8 = lim f o S (38)

P o
the relation

R = [7 Sesrd (39)
In order to find out what this time averaging procedure
means in terms of the double frequency spectrum S.(fi,fs),
we substitute in Eq. (24) &, = ¢ — 7/2, & = t + 7/2 and take

J. AIRCRAFT

the time average according to Eq. (37),

fetr) = Jim JI-. {S(fx,fz)e"“m*f‘f) X
(fo = =T

We now assume'® that S.(f,f») contains regular or area masses
S.(fi,f») and singular or line masses S,(f,)8(f> — f1), so that

S:(fuf2) = S:(fuf2) + So(f)d(f2 — f1) (41)
Inserting this equation into Eq. (40) and considering

lim Sin(fg — f1)7TT _ 1 for fl = f2
Tow (fo = forT 0 for fi # fo

dfldfz} (40)

it is seen that the contribution of S.(fi,f-) to the integral in
q. (40) is zero, while the contribution of S,(f1))é(f> — f1),
because of Eq. (23), and setting fi = fy = f, is

ey = [ Suneay (42)

By comparison with Eq. (39),
S = 8s(f) (43)

This important theorem given by Papoulis®® and henceforth
referred to as Papoulis’ theorem says that a real-valued
time-averaged measurable power spectral density exists if
the double frequency spectrum includes along the line f; =
Jo real-valued singular or line masses Si(f1)8(f: — fi) which are
then identical with the time-averaged spectrum S.(f).

Application to Blade Flapping Problem

We now assume for the modulating periodic time function
(v-2)B(t) in Eq. (1) or (5) the existence of the complex Fourier
series

o

% B(t) — Z 127r]xfof (44)

From the definition Eq. (21) and writing the real-valued
single-frequency spectrum S.(f) in the form S:[(fi + f»)/
2]8(f> — /1), one obtains for S.(fi,f),

S.(fif) = 2o 2 b*biS. X
k=—wo kh=—o

<f1 + .o — folk + j))
2

o lfr —fi = fo(—= Kk +7)] (45)

The time-averaged spectrum, according to the Papoulis
theorem, is obtained from the line masses along the line
fi = fo, s0 that, with fy = fo = fand k& = j,

S.(f) = e Z bi*buS.(f — kfo) (46)

Since S.(f) is a real-valued measurable power spectral

density, the sum in Eq. (46) is also real-valued and defines

a measurable time-averaged power spectral density. By

inserting Eq. (46) into Eq. (39), one obtains with the substi-
tution f — kfy = g and with the definition

B = [ 7 Sulgeordg

the associated time-averaged autocorrelation function

Z bk*bkeiwao/c-r 47)

k=—o

R.A7) = R.(r)
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We now stipulate also for C(f) and K(¢) in Eq. (1) the
existence of Fourier series

©

TOW = T e (48)

j=—c

S keizeit (49)

j=— o

v _
o KO =

The Fourier transform of Eq. (1) with f» as frequency domain
variable is

—@ET() 4 Y i (i) +

j=—o

Y(f2) + i kmy(f‘z - mfo) = Z bch(fo - }Cfo)

= — k==~

(50)

Taking the conjugate complex value of this equation, substi-
tuting fi for f», multiplying the new equation with Eq. (50),
and taking the mathematical expectation of the product leads
to a lengthy functional equation between input and response
power spectral densities. The right-hand side of this equa-
tion is given by Eq. (45) and describes in the fi — f, plane
line masses along 45° lines fo = fi = kfo, £ = 0, 1, 2,

The left-hand side of the equation must also consist of line
masses along these lines. Every term of the left-hand side
has the response power spectral density in the form S,(fi —
kfo, f» — jfo) as a factor. Measurable and of primary practical
interest are only the line masses along the diagonal f; = f,,
and these line masses constitute, according to the Papoulis
theorem, the time-averaged response power spectral density
S,(f). This quantity can be measured for example by the
standard analog or digital techniques.”” One could also
generate a random sample function z(¢) representative of an
input from atmospheric turbulence and then integrate the
equation of motion (5) to obtain the response. In order to
be meaningful, such timewise integration would have to ex-
tend over a long time period. Since usually the knowledge
of the exact shape of the response function is not required,
one is justified to omit the tedious determination of a sample
response to a sample random input and substitute instead
the determination of the average response power spectral
density from the input power spectral density, which is much
simpler. In engineering applications, for example, when
determining the fatigue life under random loads, one usually
needs only to know the power spectral density function or
the autocorrelation function rather than the complete
description of the random process. The concepts developed
thus far will now be applied to a perturbation analysis.

Perturbation Scheme

We develop the perturbation scheme for a slight generaliza-
tion of Eq. (1),

+ Z a; + d; sin@wft + 0)}

v T =A(l)z(l) (31)

A(?) being a deterministic time function or multiplier, z(¢) a
sample function of a nonstationary stochastic process and
n_ dy
Y dir

We now introduce the operator L defining the associated
constant parameter system

n
L) =+ X
If
la;| > |d,]| (53)
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analogous to deterministic response analyses??:2? it is possible
to introduce a perturbation parameter e such that

Y=1Y + en+ eyt ... (54)

Yo, Y1, Y2 . . . all represent nonstationary random processes.
Instead of solving Eq. (51), we seek a solution to the problem

L{y) = A(Dz(l) — € [z d; sin(mfot + wi)yn~ 7] (55)

for e = 1. Substituting Eq. (54) in Eq. (565) and equating
terms with the same power of €, one obtains

L) = A0 (56)
L) = — 3 4,0" j
J=1
57)
L) = = 35 40"
7=1
(59)

where
4,00 = 25 d; sin@nfot + 65)
i=1

The solutions g, ¥1 . . . ¥x+1 are then inserted in Eq. (54)
written for e = 1. The perturbation parameter ¢, in our case,
is merely a mathematical artifice to account for the proper
order of magnitude of the various correction terms and e does
not appear in the solution. Now we form, from Eq. (54),
the series

Yyt = ype(t) +
G{yo(tl)yl(tZ) + yo(l“z)y1(t1)} + €, ..
The expectation of the preceding series gives
R, (k) = Ryoltn,le) +
E{Ryuyx({h&) + Rulyo(ll;t‘:)} + €., . (59)
A direct double Fourier transform on Eq. (59) yields
Sl/(jllzf‘l) = ‘Sx/u(flyf?) +
e[S:l/o.vl(flyf‘Z) + Sulyn(fl;fQ)] + €. .. (60)
In order to compute the response autocorrelation function

from Eq. (27a), one can use for the deterministic response
ya(f,0) to the input A (H)e?™ the same perturbation scheme,

L(ya) = A(t)e2 !t (61)
L(ya) = — Z A; (t) j, ete. (62)
j=1 4
and
7/4(.f;l) = yAD(fyl) + G.UA;(f;f) + e (63)

Since the linear operator L contains only constant coefficients,
the solutions of Eq. (61), (62), etc. can often be given in
closed form. Inserting Eq. (63) in Eq. (27a) and comparing
the factors of the various powers of e with Eq. (59), one finds

Root) = [ vatGuualiut) S radids: (69

Ry (hyla) = ff_ Ya* (ft)ya(fo)S: {1, J)dfidf
. . : : )
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Fig. 6 Steady-state response comparisons, d = 1.

Inserting these expressions in Eq. (59) and setting e = 1, one
gets the response autocorrelation function R,(4,6). In the
application to the blade flapping problem the double in-
tegrals reduce to single integrals; see Igs. (22) and (23).
In the numerical examples only the first-order correction
terms of the perturbation scheme were included.

The response power spectral density could be obtained
from the Fourier transform of the autocorrelation function.
However, a direct computation from Eq. (60) using the
Fourier transforms of Eq. (56), (57), ete. is possible.  In Eq.
(60), Syous(f1,f2) is the complex valued cross-spectral density
defined by

Syenlfif2) = E[Y* ()Y 1(f)] (66)

The physically realizable time-averaged spectral density
S,(f) is according to the Papoulis theorem obtained from

Fig. 7 Lffect of d on
average response power
spectral density.

Power Spectral Density
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Eq. (60) by letting /1 = f» = [;
Sl/(f) = Sya(.f) -+ 2e rcul[‘gyuyl(f:.f)] + el (67)

If H(f) is the frequency response function corresponding to
the constant parameter system defined by Eq. (52), and if we
denote the mput power spectral density corresponding to
Azt by Sa.(fi,fo), the zero-order response power spectral
density from HEq. (56) is

Sulfuf) = H*(fOH([)S a1, 2) (68)

The time-averaged zero-order response power spectral
density then is obtained by letting fi = f» = f;

Suol) = H*(NHH)Sa () (69)

For the cross-spectral density S,,.(f1,f2) one finds, from Eq.
(66) and from the Fourier transform of Eq. (57),

1
Suum(fl:f‘l) = [](,f2)|:§ S.vo(fly.f‘l - fO) X

LN 1
Z ezgjdy(i)"»i-l (f? - .fO)'L_j — 5 Suu(fl;f‘z + [0) X
=1

)3

e, () (fy + >] (70)
i=1

The time-averaged response power speetral density is obtained
from Eq. (67) by adding to S,(f) from Eq. (69) twice the
real part of Eq. (70). Higher-order terms could be con-
sidered.  The examples presented here have been computed
with only the first-order correction term.

Numerical Examples

For the numerical examples Eqs. (1-4) were used. The
right-hand side corresponds to values of v = 4 and g = 0.3.
In the left-hand side the value of ¥ = 4 was combined with
variations in u in order to obtain the effects of varying the
tinme-dependent terms in the damping and stiffness coeffi-
cients. Thus, the equation which was numerieally evaluated
reads

g4 (v/8 + dsin)y + (1 4 d cost)y =
(0.5 + 0.4 sinfya(t) (71)
where d = yu/6.

As mentioned before, X(f) was assumed to be a sample
function of a stationary stochastic process with exponential
autocorrelation function and a relaxation time of 2, which is
0.32 times the period of rotor revolution. The one-sided
power spectral density is, then, according to Eq. (17),

28.(f) = 2/(0.25 + 472 (72)

For the numerical examples higher than first-order correc-

Fig. 8 Effeet of
d on mean-
square response.

Time Variable Mean Square Response
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tions were in most cases found to be insignificant. To check
the accuracy of the perturbation method the steady-state
respons=e to the input cos2xft was compared to the response
obtained by numerical integration with the Runge-Kutta
method. Figures 6a and 6b show that the error of the
perturbation method with d = [ and for y = 4 and v = 8
is quite small for all three frequencies checked, 2xf = 0.5,
1.0, and 1.5. From Figs. 6a and 6b, it appears that the first-
order correction with the perturbation method should yield
satisfactory accuracy up to u = 1, which is the upper limit
of approximate validity of Eq. (1) anyway.

Figure 7 shows for v = 4 the effect of the parameter d on
the response power spectral density. The time-averaged
input power spectral density S:(f) shown in dash lines is
computed from Eq. (46), the time-averaged response power
spectral density S,(f) is computed from Eq. (67). The very
remarkable result is that up to d = 0.3 (u = 0.45) the correc-
tion terms are for practical purposes negligible. This means
that within the usual range of helicopter advance ratios non-
stationary characteristics need only be considered in the
time-averaged input spectrum [Eq. (46)], whereas the time-
averaged response spectrum can be obtained very simply
from Lq. (69) with the help of the time invariable frequency
response tunction //(f) associated with the constant parameter
system defined by Eq. (52).

Figure 8 shows the effects of the parameter d and of the
nonstationarity in the input on the time variable mean-
square response computed with Iigs. (59, 64, and 65). Large
fluctuations in the mean-square response even for quite
small values of d are essentially due to the nonstationarity
in the input. The ordinates in Fig. 8, to be in conformity
with the input shown in Fig. 7, should be scaled by 1/47.

Concluding Remarks

For the blade flapping problem the first-order corrections
from the perturbation scheme seem adequate to compute
the time-averaged response power spectral density and the
time variable response mean square up to surprisingly large
time variations of the system parameters, certainly covering
current helicopter flight regimes. With the help of the
perturbation analysis it should also be possible to use blade
flapping response measurements in order to gain some ingight
into the character of the underlying turbulence in the rotor
disk, in other words, to ¢compute the unknown input power
speetral density. For advance ratios in excess of one the
perturbation scheme is not adequate. An extension of the
present blade flapping problem to higher advance ratios
can be carried out in two phases: first, one needs to repre-
sent more accurately than was done in Eqgs. (2-4) the time
variable damping, stiffness, and the input modulating func-
tions and to Fourier analyze these functions; second, one
needs to compute the mean-square response by using Eqg.
(32). The necessary deterministic responses have now to be
computed by some numerical procedure, like the Runge-
Kutta method.

The random flapping response of an isolated blade to one-
dimensional isotropic turbulence in the rotor disk is, of
course, only the simplest problem of random phenomena in
lifting rotors. The preceding study must be extended to
include several blades and their interactions with each other,
with the elastic pylon, and with rigid body motions. Blade
flexibility must be included and the assumption of one-
dimensional isotropic turbulence must be relaxed to include
spatial distribution effects of the air turbulence in the rotor
disk. Finally, the stochastic analysis presented herein must
be extended to problems of threshold crossings and peak
distributions.
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